We show that the data of a principal G bundle over a principal circle bundle is equivalent to that of a LG def = U(1) ⋉ LG bundle over the base of the circle bundle. We apply this to the Kaluza-Klein reduction of M-theory to IIA and show that certain generalized characteristic classes of the loop group bundle encode the Bianchi identities of the antisymmetric tensor fields of IIA supergravity. We further show that the low dimensional characteristic classes of the central extension of the loop group encode the Bianchi identities of massive IIA, thereby adding support to the conjectures of hep-th/0203218.
Introduction and Summary
It has long been established that IIA supergravity is the dimensional reduction of the unique theory of supergravity in eleven dimensions. We have learned in the last decade, however, that eleven dimensional supergravity is the low energy limit of a still mysterious theory termed M-theory and that the Kaluza-Klein reduction of this theory is the ten dimensional type IIA superstring. Furthermore, it has been understood that the charges and fluxes associated with antisymmetric tensor fields in these supergravity theories obey certain quantization conditions which can differ from the usual Dirac quantization condition [1, 2] . Often, it turns out that one can find geometric objects that model these 'quantized' fluxes. The relevant object for M-theory turns out to be somewhat complicated [3] , but an essential ingredient is an E 8 -bundle that models an element in H 4 (M, Z).
1 This E 8 -bundle was first introduced in [1] and was motivated by the appearance of an E 8 gauge symmetry on boundaries in M-theory as described in [4, 5] .
One can now ask, what is the relation of the quantization condition of the M-theory 4-form to that of the RR and NS forms in type IIA? The local relationship between the classical p-form fields and gauge invariances in M-theory and those of type IIA supergravity have long been understood as that of Kaluza-Klein reduction. However, the relationship between their quantization conditions is a subtle issue. For example, the Bianchi identity of type IIA supergravity, dG 4 +G 2 ∧H = 0, already shows that in the presence of nonzero H the field G 4 is not a closed form. Thus, unlike the 4-form in M-theory, integral cohomology does not seem to be an appropriate context for understanding its quantization condition. Indeed, the description of the quantization condition of RR-fluxes in the type IIA superstring at vanishingly small g s has been related to (twisted) K-theory [2] rather than ordinary integral cohomology.
Given the duality between M-theory compactified on a circle of radius R 11 ∝ g s and IIA string theory with coupling g s , we can rephrase the above question differently. From the perspective of type IIA string theory, we wish to understand the finite g s behavior of the quantization condition of type IIA fluxes. On the other hand, from the M-theory perpective we wish to understand how the E 8 -bundle data associated with the quantization of the Mtheory 4-form relates to the quantization condition of its Kaluza-Klein descendents when we take the M-theory circle to be very small.
The compatibility of K-theory in IIA and the E 8 -bundle picture in M-theory was first examined in [6] by comparing topological flux contributions to the partition functions of Mtheory and IIA on compact manifolds related by dimensional reduction. These comparisons were made for terms associated with vanishing H flux (equivalently, for M-theory four forms which could be pulled back from IIA) and for G 0 = 0, as no framework exists for incorporating nonzero G 0 into M-theory data. They established that certain subtle topological phases in these partition functions agreed and that the quantization conditions associated with E 8 1 In fact, any model for K(Z, 4) will do in the construction of [3] . E 8 bundles are satisfyingly geometrical, however, and they will be the focus of this paper. It is curious to note that one such alternate model of K(Z, 4) in low dimensions is LE appears in the world sheet description of the heterotic string, which is dual to M-theory on manifolds with boundary [4, 5] .
gauge bundles in M-theory were, in this sense, compatible with the K-theoretic quantization of fluxes IIA. However, their calculation indicated that there did not seem to exist a 1-1 correspondence between quantized flux configurations in M-theory and IIA. Rather, it was only after performing a sum over configurations in the partition functions that agreement was observed. It was therefore suggested that the relationship between the antisymmetric tensor fields in M-theory and IIA must be understood as a quantum equivalence.
Here, we take a very modest step towards better understanding this relationship by describing how loop groups of E 8 can allow one to organize and generalize the Kaluza-Klein reduction of the quantization data in M-theory to include all nontrivial RR and NS fluxes, even G 0 = 0. To do this, we will consider in detail the Kaluza-Klein reduction of the E 8 -bundle data and certain generalizations suggested by this process. It was conjectured [7] that the resulting data might be understood in terms of bundles of a loop group of E 8 and that such a description might be related to the K-theory description in a more transparent way, perhaps along the lines suggested in [8] . This idea was first explored in [9] , where it was suggested that for trivial M-theory circle bundles, the dimensional reduction of the E 8 -bundle in M-theory would be a LE 8 -bundle over the ten dimensional base. Here, LE 8 is the free loop group of E 8 defined as maps from S 1 into E 8 with pointwise multiplication. However, we will find that this conjecture must be modified in order to include the case of a nontrivial M-theory principal circle bundle. We will establish a correspondence between E 8 -bundles in M-theory and LE 8 -bundles in IIA, where LE 8 is a slightly modified version of the loop group given by LE 8 def = U(1) ⋉ LE 8 . It was further conjectured in [9] that massive IIA supergravity would be related to the centrally extended loop group LE k 8 . If this could be verified and an appropriate loop group generalization of the η invariants used in the work of [6, 10] defined, one might be able to extend their results to G 0 = 0 by adding to the M-theory partition function sectors corresponding to the LE k 8 quantization of massive IIA for all k = G 0 . While such a task is far beyond the scope of this work, we will show that the characteristic classes of LE k 8 bundles can reproduce the Bianchi identities of massive IIA (thereby explaining many of the results of [11] ). A further simple consequence [11] of the LE k 8 quantization is that D6-brane charge is valued in Z k in massive IIA. We describe how this result can be understood via a Stückelberg mechanism and is verified in the work of [12] on Calabi-Yau compactifications of massive IIA. Finally, using this correspondence, we will describe a simple example of the puzzles that arise when one attempts to compare the the K-theory classification of fluxes directly with the loop group bundle picture.
The outline of our paper is as follows. In section 2, we will show directly how to construct this LE 8 bundle as a special case of a more general construction which relates G bundles on a principal circle bundle Y to LG bundles on its base X. In section 3, we will discuss the characteristic classes for this bundle. We will show that the topological data of the LE 8 bundle in low dimensions is faithfully encoded in a pair of classes, one in ordinary cohomology and the other in a generalized cohomology theory inspired by the Gysin sequence. In particular, we will see that these classes necessarily obey the Bianchi identities of IIA supergravity. We will also show that a similar relationship holds between the characteristic classes of LE k 8 bundles and the Bianchi identities of massive IIA supergravity. In order to establish these results, it will be necessary both to compute the cohomology of the classifying space of LE 8 bundles and to explore the generalized cohomology theory alluded to earlier. This will be relegated to section 4 and the appendices to spare the reader who wishes to avoid such details. Finally, we consider some interesting examples and comment on the relation between the loop group bundles explored in this paper and the K-theory classification given in [2] which was fruitfully exploited in [6, 10] . This and other issues will be the subject of section 5.
Previous work relating to the appearance of Kac-Moody symmetries in Kaluza-Klein reduction has appeared in [13, 14] .
LG Bundles and Kaluza-Klein Reduction
The basic setup we will consider is diagrammed in Figure 2 . We have an (n + 1)-manifold Y which is a U(1) principal bundle 2 over a simply connected n-manifold X, and a G-bundle E over Y . In the specific case of the reduction of M-theory to type IIA string theory, Y is eleven dimensional, X is ten dimensional, and we consider G = E 8 . This can be summarized in the following diagram: Before giving the correct construction of the LG bundle, let us see where the attempt to construct a LG bundle goes wrong. Over any point p ∈ X, ρ −1 (p) is a circle, S 1 p ⊂ Y . As long as G is connected, any G-bundle over a circle is trivial and has global sections. Thus, for each p we consider the space of sections,
The triviality of the bundle over S 1 p allows us to think of this as maps from S 1 p to G. Taking the union of these spaces for all p ∈ X, one might think that we have formed a principal LG bundle, as the free loop group is given by Maps(S 1 → G). However, a principal LG bundle also possesses a free left LG action. As the multiplication on LG is pointwise, in order to define 2 More generally, we could have a S 1 fiber bundle with structure group Diff(S 1 ). Much of the following construction is identical. However, in the end, instead of a principal LG-bundle we would obtain a S 1 × LG bundle with structure group Diff(S 1 ) ⋉ LG. We do not know how to characterize such bundles. One cannot help but notice the relation of this sort of symmetry to that in CFT. We do not know this significance of this.
a global LG action, we would need to identify the points of the S 1 p for all p ∈ X with the points of the single circle in the group LG. This immediately implies that there exists global sections of the original S 1 bundle. This is only possible when Y is a trivial bundle, i.e., Y ∼ = X × S 1 . In fact, if we choose any global section of Y , we can use the U(1) action on Y to give an identification of each S 1 p with the original the group U(1) where the section defines an identity. So, in essence, what we lack is a choice of an identity on each S 1 p .
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Lacking this identity in general, we will simply adjoin one to the construction. 4 In other words, over each point p ∈ X, we take the space S 1 p × Γ(S 1 p , E) where the first factor corresponds to all possible choices of identity. This is topologically S 1 × LG. Taking the union for all points p gives a bundle which we will denote E.
We now show that this is a principal bundle. Given the point s ∈ S 1 p , the U(1) action on Y gives us an identification of S 1 p with U(1). We use this to let LG act on Γ(S 1 p , E). Finally, there is a U(1) action on the S 1 part of the fiber of E which acts exactly as does the U(1) action on the fiber of Y . This group action is, in fact, a semidirect product, LG = U(1)⋉LG. To see this we note that for each point s ∈ S 1 p , the U(1) action on Y gives us a particular identification of S 1 p with U(1) such that s is mapped to the identity element in U(1). Using this map, we can associate to any t ∈ S 1 p an angle θ by the relation t = s + θ ∈ S 1 p , where we denote the action of U(1) on S 1 p by addition. Thus, we can rewrite (s,
). This allows us to define the action of
To exhibit the group law in LG, we act again with (φ 2 , g 2 ) ∈ LG. In particular, if we define s ′ and θ ′ by the relations,
we find that
From this we deduce that the group law for LG must be, 6) which defines the semidirect product U(1) ⋉ LG where the action of U(1) on LG is given by rotation of the loop.
We can summarize this construction as the following correspondence: In fact, as we will show in section 4, this correspondence is invertible: given an LG bundle, we can uniquely construct an E 8 bundle on the total space of its associated principal circle bundle.
The LE 8 Bundle and Its Characteristic Classes
As mentioned in the introduction, the particular case of G = E 8 is particularly relevant for M-theory. In light of the results of the previous section, it is interesting to ask if there might be a similarly fruitful relationship between LE 8 bundles on X 10 and the antisymmetric tensor fields of type IIA. That such a relationship should exist is certainly not transparent from the string theory point of view as the quantization conditions for the RR forms of IIA are only known to be easily expressed in terms of classes in K-theory.
In this section, we will only begin to explore this question by asking if such a relationship can pass the most rudimentary test of consistency: do the characteristic classes of LE 8 bundles regarded as elements of de Rham cohomology obey the type IIA supergravity Bianchi identities? We will see that this is indeed the case. As further evidence for the relevance of loop groups of E 8 to IIA, we will also demonstrate that the characteristic classes of the centrally extended loop group are consistent with the Bianchi identities of massive IIA.
Supergravity and Characteristic Classes
Characteristic classes are certain elements in the cohomology of a manifold that characterize, often incompletely, principal bundles over that manifold. For example, for a U(N)-bundle, these are the Chern classes. Or, for a U(1)-bundle, the sole characteristic class is the Euler class 5 , e. As we will review in the next section, an E 8 -bundle on Y 11 is completely classified in low dimensions by a class in the fourth integer cohomology of the base. This is an analogous to the well known result that U(1)-bundles are classified by the Euler class. Making use of both these facts, the topological data in (2.1) is completely encoded in the following information:
e ∈ H 2 (X 10 , Z) and a ∈ H 4 (Y 11 , Z).
Physically, these classes should correspond to topological fluxes in IIA and M-theory assoicated with G 2 , the RR 2-form field strength in IIA string theory and G, the M-theory 4-form. However, as described in [1] [3] . For the physical interpretation of what follows, we will assume that p 1 (Y 11 ) = 0. Nonetheless, as there is a map to BE 8 in [3] , we believe that some variation of our construction will be relevant in the general case.
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In order to compare to IIA, however, we would like express the data of the E 8 -bundle on Y 11 in terms of geometric data on X 10 .
7 As the results of the previous section imply that the data in (3.1) classify LE 8 bundles over X 10 as well, one might guess that this information can be expressed in terms of the characteristic classes of the LE 8 bundle. To find the characteristic classes of the LE 8 bundle, we begin by asking if the data in (3.1) provide natural candidates for them. Of course, as e = [G 2 ] is already expressed in terms of data on X 10 , we can just reinterpret it as the characteristic class of the LE 8 bundle associated with the U(1) of LE 8 . As for a, the only natural cohomology class on X 10 that one can obtain from it is via the pushforward map which relates H 4 (Y 11 ) to H 3 (X 10 ). More explicitly, in terms of the M-theory four form G we have H = ρ * (G) where the pushforward map is given by integration over the S 1 fiber, and H is interpreted as the NS 3-form field strength in IIA. In fact, there is an interesting interpretation of H (which we will return to later) as the obstruction to lifting the LE 8 bundle to a U(1) ⋉ LE k=1 8 bundle.
As we will see in the next section, [H] and [G 2 ] are the only two characteristic classes of LE 8 bundles in ordinary cohomology in low dimensions. However, it turns out that these two classes are not independent. This is best illustrated by a simple example. Consider
Since H 4 (Y ) = 0 they must all be trivial. Now, consider the dimensional reduction of Y along the circle of a Hopf fibration of the first S 3 factor to X = S 2 × S 3 . Clearly, there are nontrivial elements [H] ∈ H 3 (X) which lift to trivial classes
Indeed, such a G flux would have been nontrivial through a cycle of the form S 3 × S 1 where S 1 is the fiber, but the Hopf fibration over S 2 renders the cycle trivial in Y . From this, we might guess that more generally, if there exists a 5-cycle like X over which which H ∧ G 2 is nontrivial, an entirely analogous argument would lead to the absence of an appropriate lift for H. As we will show in section 4, the class [H] has such a lift if and only
This presents us with a puzzle, however, if we were to hope that all the information about the E 8 -bundle on Y 11 would be contained in these characteristic classes. The pushforward ρ * has a kernel including forms pulled back from the base. One can certainly have elements 6 In our picture, it is reasonable to conjecture that these gravitational corrections can be properly treated by adding the Spin(11) frame bundle of Y 11 to the E 8 bundle and considering the dimensional reduction of the data of the full G = E 8 × Spin(11) bundle. By the results of the previous section, this would suggest a description in IIA in terms of LG = U (1) ⋉ (LE 8 × LSpin (11)) bundles, where the U (1) acts by simultaneous rotation of the loop in both factors. 7 As a classifies E 8 -bundles, at the level of cohomology this problem is solved by a long exact sequence known as the Gysin sequence, as we will review in section 4. The loop group picture, however, provides a geometric interpretation for the result and generalizes to massive IIA. An obvious place to look for more information is the RR 4-form defined by
where G is again the M-theory four form and we have introduced A, an Ehresmann connection 8 on Y 11 . While G 4 is gauge invariant, it is not closed and instead obeys a modified Bianchi identity:
While the metric in M-theory does give us an explicit choice of a connection 9 , the LE 8 bundle is topological, and its characteristic classes should not depend on any such choice. We would like to find a mathematical context for understanding how G 4 might classify LE 8 bundles.
As we discuss in section 4, to do this we need to explore in greater detail the relationship between the cohomology ring of Y 11 and that of X 10 . The cohomology groups of Y 11 and X 10 fit into a cohomology long exact sequence known as the Gysin sequence. In section 4 we will show how this sequence can be used to describe a ∈ H 4 (Y 11 , Z) in terms of a class in a generalized cohomology theory on X 10 which captures the information in both G 4 and H. While we will postpone a detailed treatment of this issue to that section, we will describe here the relevant results for a de Rham version of the theory.
We begin with a complex of differential forms
Furthermore, we will choose an explicit representative of the Euler class, e, of the M-theory circle bundle. As above, this is just the RR 2-form. Given such a choice, G 2 , we define the differential:
. This squares to zero, so we can pass to the cohomology which we will denote H i e (X 10 ). It is not hard to see that the complexes for different choices of the representative of the Euler class are quasiisomorphic, i.e., have the same cohomology, justifying the notation. We will prove in the next section that the cohomology of this complex is, in fact,
is closed in this complex, as long as we have
8 This is also the global angular form of [15] . 9 In particular, if the metric on Y 11 is ds 2 = ds 2 base + (dθ + α) 2 , then A ∝ dθ + α. 10 We first encountered this complex in [16] which refers to [17] . All the proofs in this paper are due to us. 11 Note that these differ from the usual equations for a connection by a factor of 2π. We do this to save some space. The second condition is always possible because dρ * (A) = −ρ * ρ * (G 2 ) = 0, so ρ * (A) is a constant function. Thus, the condition just reflects a choice of normalization.
Thus, it defines an element in the cohomology. One can verify that the class so obtained only depends on the cohomology class of G. We claim that this is the appropriate context for the IIA 4-form.
Given a cohomology class [(G 4 , H)], we can reconstruct the original class in H 4 DR (Y 11 ) as follows. First, we must choose a connection. Then, we define the form:
G is closed, so it defines a class in H 4 DR (Y 11 ). It is an easy exercise to see that it does not depend on the addition of an exact 'form' to (G 4 , H). Finally, let us show that it does not depend on the choice of A. We choose two different connection A 1 and A 2 . Then,
Now, because we have chosen a nontrivial circle bundle and a simply connected base, X 10 , we have H 1 (Y 11 , R) = 0. This can be seen, for example, from the Gysin sequence for the fibration. Since the cohomology is trivial, the difference in connections must be exact, i.e.,
This means that the cohomology class of G is independent of our choice of connection, and we are done.
Thus, we see that
e (X 10 ) are characteristic classes for the LE 8 bundle and contain all the information in the setup (2.1). The Bianchi identities for the RR two and four forms in type IIA supergravity follow from these definitions. This provides a mathematical context for these well-known equations.
The Romans Mass
Now, we turn to the situation where G 0 = k is nonzero. This is the situation in massive IIA supergravity. Here, the Bianchi identity for G 2 is modified so that it obeys
in close analogy with the identity dG 4 + G 2 ∧ H = 0 we encountered above. Since G 2 is no longer a closed form, it cannot be the Euler class of a circle bundle, and the meaning of M-theory becomes somewhat unclear. It was conjectured in [9] that in this situation we should look at LE 13 In order to motivate the relation of h to supergravity fields, first consider some cochain model C * (X 10 , Z) for integral cohomology. The most obvious way to get an element h ∈ H 2 (X 10 , Z k ) in such a model is to take the mod k reduction of a closed cochain χ 2 ∈ C 2 (X 10 , Z) which represents a class in H 2 (X 10 , Z). However, since we are working mod k, we really only need that χ 2 is closed mod k. That is, we only require that χ 2 obeys dχ 2 = kχ 3 , (3.11)
for some cocycle χ 3 . Note that (3.11) defines a natural map β :
In particular, this means that we can find a de Rham representative, kH, of kβ(h). Of course, de Rham cohomology does not detect torsion, so H, as a form, is exact even when not multiplied by k.
14 Further, note that the kernal of β(h) consists precisely of mod k reductions of elements of H 2 (X 10 , Z). Clearly, we would like to associate this information with G 2 . However, just as in the previous section, this is complicated by the modified Bianchi identity (3.10).
To find a model for G 2 , we use the analogy between (3.11) and the modified Bianchi identity of G 4 in the previous section to construct a modified cochain complex for computing
The cochains consist of pairs (α, β) with α ∈ C i (X 10 , Z) and β ∈ C i+1 (X 10 , Z), and the differential is defined by,
(3.12)
In analogy with the results described in the previous section, the cohomology of this complex computes H i (X 10 , Z k ). Now, comparing with (3.10) shows that we can interpret the pair (G 2 , H) as a 2-cocycle in a de Rham version of the above complex. Note that when H = 0, G 2 is closed and would naively represent an arbitrary element of integral cohomology. The quantization condition coming from LE k 8 suggests a nontrivial modification of this naive expectation, however. In fact, it is only the mod k reduction of this element of integral cohomology that is physically relevant. As we will discuss in section 5, this expectation is borne out by certain examples discussed in [12] .
Massive IIA supergravity also has a four form which obeys the following Bianchi identity:
This implies
13 In fact [19] , we can construct LE
by taking the quotient LE
14 Interestingly, torsion three forms have a simple geometric model in terms of SU (N )/Z N bundles or Azumaya algebras [20, 21] .
is closed. We believe that G 4 should be thought of as a characteristic class for the LE 
The cohomology of the classifying space
In this section, we will show how the LE 8 -bundle constructed above fits into a larger structure of bundles and classifying spaces. We then show that the various classes introduced in the previous section are, in fact, characteristic classes of LE 8 -bundles. We will also show that H * e (X) computes the cohomology of the total space of the circle bundle Y .
A structure of classifying spaces
First, we will prove the existence and commutativity of the diagram: In the process of doing so, we will encounter a number of other interesting constructions that shed some light on the central LE 8 -bundle of this paper. In the above diagram, we begin with the space X and the circle bundle Y over X. This bundle is classified by the map from X to BU(1). Over Y there exists an E 8 -bundle classified by the map from Y to BE 8 . We begin by constructing the map h. Let p ∈ Y be a point and let
Assembling these for all points p, we see that there is a natural basepoint, given by p, and, thus, a global action by LE 8 . This LE 8 -bundle over Y , which we will denote E ′ , defines the map h. To construct i, we observe that LE 8 fits into the following exact sequence:
The rightmost map in this sequence is the evaluation map ev p : LE 8 → E 8 . We can use this to associate an E 8 -bundle to the LE 8 -bundle in the usual manner. We begin with the product E ′ × E 8 . On this bundle, there is a free LE 8 action given by (e, g) → (eh, ev p (h −1 )g) for h ∈ LE 8 . The LE 8 action on e is defined such that p, the projection of e to the base, is the base point allowing the LE 8 action and also the point at which the evaluation map acts. The quotient by the LE 8 action given an E 8 -bundle and defines the map i. On each fiber, the ΩE 8 subgroup of LE 8 acts only on the first factor in E
′ . In other words, E ′ is exactly the LE 8 -bundle given by the construction in section 2. Finally, LE 8 fits into the following exact sequence
In fact, this sequence splits on the right reflecting that LE 8 is a semidirect product. Now, let us consider the universal bundle, E LE 8 over B LE 8 . As LE 8 is a subgroup of LE 8 , it acts on E LE 8 and we can take the quotient. As E LE 8 is contractible and the action of LE 8 is free, the quotient must be BLE 8 . The remaining part of LE 8 is LE 8 /LE 8 ∼ = U(1), so BLE 8 is a U(1)-bundle over B LE 8 . By the above, the pullback of E LE 8 by g is E ′ . Taking the quotient by LE 8 gives the space BLE 8 and the map h by construction. The vertical lines in (4.1) are U(1) quotients. This implies that Y , as a circle bundle over X, is the pullback of the circle bundle BLE 8 over B LE 8 . Thus, Y is classified by f g. This completes the proof that the diagram commutes.
We can now demonstrate how to invert the construction of section 2. Given an LE 8 -bundle E ′ over X, we quotient by LE 8 to obtain Y and consider E ′ as a LE 8 -bundle over Y . We can then recover the original E 8 -bundle over Y as the associated bundle to this LE 8 bundle by the evaluation map as was done above.
The ordinary classes
Now, we turn to the characteristic classes. We begin by examining those that exist in ordinary cohomology. As stated above, the origin of the E 8 gauge field in M-theory is in the existence of a four-form field strength [G] ∈ H 4 (Y, Z). Because its homotopy groups, π i (E 8 ), vanish for i = 3, i ≤ 15, for the purposes of eleven dimensional manifolds, E 8 serves as a model for K(Z, 3). Since the classifying space functor shifts homotopy groups by one, this means that BE 8 is a model for K(Z, 4). Finally, given that H 4 (Y, Z) is equivalent to the homotopy class of maps [Y, K(Z, 4)], we immediately see that E 8 bundles serve as models for elements in H 4 (Y, Z) and, hence, for the field strength G. The rational cohomology of these Eilenberg-MacLane spaces is well known [15] . This gives us the rational cohomology of the classifying space BE 8 in low dimensions. For dimensions less than twelve, there is only a degree four element and its square. The defining characteristic class of the E 8 -bundle used in the previous section is the pull back of the class in
which is, of course, the same class as in the previous paragraph. Thus, this class completely characterizes the E 8 -bundle. One can also construct this class via obstruction theory [18] similarly to the class for LE k 8 -bundles constructed in the previous section. Finally, if we were to choose a connection on the E 8 -bundle, the four form can be givenà la Chern-Weil as Tr(F ∧F ).
We compute the rational cohomologies of BLE 8 and B LE 8 in appendix A. The calculations involve the Leray-Serre spectral sequence applied to various fibrations obtainable from the exact sequences (4.2,4.3). The structure in (4.1) also figures in prominently.
For BLE 8 , we obtain: i = 0 1 2 3 4 5 6 7 8 9 10 11
Note that x 2 = 0 as it is of odd degree. For B LE 8 , we obtain. i = 0 1 2 3 4 5 6 7 8 9 10
In the cohomology ring we have the relations xy = xz = yz = 0. Referring to (4.1), if w is the generator of the cohomology of BU (1), then x = f * (w). Also in (4.1), g : X 10 → B LE 8 is a classifying map for the LE 8 bundle. We have the following identifications:
The relation xy = 0 is reflected in the identity (3.3). We also have the unfamiliar seven form z. Its proper interpretation, as we will demonstrate in the following subsection, is
This is a closed form, and it is not hard to see that it respects the relations xz = yz = 0 in the cohomology ring. The factor of two may seem mysterious, but it follows from the derivation (4.12). There are no other characteristic classes in dimensions less than eleven. The commutativity of the diagram (4.1) tells us that the four form in M-theory is the pullback of the four form in BLE 8 . The spectral sequence in the appendix tells us that the pushforward of this form is the three form in B LE 8 . This accords with the fact that the three form in type IIA is the pushforward of the M-theory four form.
Finally, we note that there is an interesting local construction of H which elucidates its interpretation in terms of obstruction theory. To construct this class [22] , choose a connection A on the LE 8 bundle π : E → X 10 . Let Lg and Lg denote the Lie algebras of LE 8 and U(1) ⋉ LE 
-bundle
p :Ẽ → U together with a LE 8 equivariant mapping f :Ẽ → E such that p = π(f ). Choose a connection A U onẼ which is compatible with A in the sense that f * A = q(A U ), where q : Lg → Lg is the quotient map that annihilates the generator of the central element K. Since, A U → A U + αK is still a compatible connection for any one form α on X 10 , the space of such connections is an affine space under the space of one forms on X 10 . Now, form the curvature F U = dA U + A U ∧ A U and note that F U → F U + dαK. Define the scalar curvature Θ U as the K component of F U . We define H U = dΘ U . Clearly, H U is independent of the choice of connection A U compatible with A. Thus, it patches together globally over any open cover of X 10 to a closed 3-form H. Further, if this form is topologically nontrivial, the above local construction cannot be extended to the whole manifold, and therefore it measures the obstruction to lifting the LE 8 bundle to a U(1) ⋉ LE k=1 8 bundle.
The four form
Now, we would like to demonstrate a characteristic class (4.1) demonstrates the existence of the needed class. The commutativity of (4.1) demonstrates that the class does encode the correct E 8 -bundle.
Rather than work with differential forms, we can define H * e over the integers by replacing the forms with singular cochains. As such, for most of this section, we will consider cohomology with integer coefficients. The goal is to prove:
We will prove this isomorphism by exploiting the Gysin sequence in cohomology. However, we would also like to show that the maps introduced in the previous section, (3.2) and (3.7), induce the above isomorphism when working with differential forms. This can be accomplished by exhibiting a chain homotopy which is the subject of appendix B.
Recall that the Gysin sequence is given by 
To prove (4.8), we will show that H i e (X) decomposes as in (4.10). We begin by determining the space of all possible inequivalent β for [(α, β)] ∈ H i e (X). We need that dβ = 0. Furthermore, the invariance upon adding an exact form d(a, b) means that we have β ∼ β−db. In other words, the space of inequivalent β is a subgroup of H i−1 (X). The condition that d(α, β) = 0 also implies that for any cocycle representative G 2 of e, dα + G 2 ∪ β = 0. Therefore, we also require that e ∪ [β] = 0. This tells us that the space of all possible β is exactly Ker( ∪e) ⊂ H i−1 (X). Once we fix a β, we have to ask which α exist such that [(α, β)] ∈ H d(a, b) gives α ∼ α + da + e ∪ b with db = 0. This tells us that the space of inequivalent α for a given β ∈ Ker( ∪e) ⊂ H i−1 (X) is exactly Coker( ∪e) ⊂ H i (X) which demonstrates the decomposition (4.10).
One might note now that the cohomology of BLE 8 has a degree three element and wonder how it appears in H 3 e (X 10 ). In fact, this three form, call it H, is just the pullback of the three form in B LE 8 . Hence, it maps to the class (H, 0) and is nothing new.
As a last exercise, we verify that the relation (4.7) is pulled back from the classifying space. For what follows, we will work with differential forms. Let [(a, b)] be the element in H * e (B LE 8 ) which pulls back to [(G 4 , H)]. The form c = 2(b∧a) is closed, and the addition of an exact 'form' to (a, b) adds an exact form to c, and, as such, does not affect its cohomology class. Finally, we need to demonstrate that [c] = z, the seven form in H(B LE 8 ). In fact, for a general principal circle bundle with total space Y , base X and projection π, this construction gives a map H i (Y ) → H 2i−1 (X). We claim that this map is
Then, the claim that [c] = z follows from the spectral sequence (A.6). There, the eight form in H * (BLE 8 ) is the square of the four form and is given by θz in the E 2 term. The push forward maps this z.
The addition of an exact form to D does not affect the cohomology class of ρ * (D∧D), so (4.11) is an operation on cohomology. By the considerations of appendix B, we know that,
. Squaring this and pushing forward, we obtain
giving the desired answer.
Discussion
To conclude, we consider in greater detail the physical implication of the quantization conditions suggested by the loop group picture in IIA. We begin by considering the description of D8-branes in this context, which requires an understanding of the relationship between LE 8 and LE k 8 more clearly. We then consider briefly the description of the other topological defects, i.e., D4-, NS5-, and D6-branes, in the loop group picture. In particular, we find that the mysterious torsional behavior of D6-brane charge in massive IIA has an interesting physical interpretation in the context of Calabi-Yau 3-fold compactifications of IIA with G 0 = 0 as studied in [12] . Furthermore, we consider an interesting example in which the K-theory description of the quantization condition at g s = 0 disagrees with our picture and comment on the physical interpretation of the differences.
Regions of massive IIA arise in string theory seperated by D8-brane domain walls. In the loop group picture, a D8-brane is a domain wall across which the fiber of the loop group bundle changes [11] . Thus, it is interesting to understand the relation between massive and massless IIA across such a domain wall. To approach this question, it is useful to compare the loop groups LE 8 
while LE k 8 fits into the sequence
This reflects the fact that LE k 8 is a central extension of LE 8 with U(1) as a normal subgroup while LE 8 is a semidirect product where U(1) is not a normal subgroup.
In fact, we can further form a semidirect product with U(1) for all the groups LE k 8 . One might ask if the semidirect product circle is necessary in this situation. Since bundles of these groups would all have an additional 2-form characteristic class associated with the extra U(1), they do not appear to be relevant. Also, as we noted earlier, the group LE 8 can be thought of as a subgroup of Diff(S 1 ) ⋉ LE 8 . This is an example of the Sugawara construction. However, if we attempt to do the same for LE k 8 , the Virasoro algebra has a central charge. Thus, we can only represent Diff(S 1 ) on LE k 8 projectively which necessitates that we allow phases when forming the semidirect product. The significance of all of this is still obscure.
Regardless, it is clear that in passing from massive IIA to massless IIA, the geometric interpretation of the p-form field strengths is radically altered. Locally, we expect that the forms G 2 , H, and G 4 are continuous across the domain wall. However, as their global structures are quite different, it is not clear how their associated topological charges, i.e., D6, NS5, and D4 brane charges, behave as we cross a D8-brane. Here, the geometric construction in terms of loop group bundles can be of some use. 15 In particular, the homotopy groups of the loop group fibers determine the possible topological defects. Using the fact that topologically in low dimensions,
we see that the low dimensional homotopy groups of LE 8 are just,
This means that LE 8 bundles admit topological defects carrying Z valued charges of codimension 3, 4, and 5, corresponding to the D6, NS5, and D4 brane, as we would expect. Now, using the exact homotopy sequence of the fibration of (5.2), it is easy to see that the low dimensional homotopy groups of LE k 8 are,
Thus, we see that LE k 8 bundles admit a Z k charged, codimension 3 topological defect which we might call a massive D6-brane, no defect corresponding to an NS5-brane, and a D4-brane. While it is natural to expect that D4-brane charge is identified across a D8-brane domain wall, the fate of the NS5-brane and D6-brane is less clear. However, the obstruction theory interpretation of some of the characteristic classes we have discussed can clarify matters somewhat. We saw that [H] in IIA can be identified as the obstruction to lifting the corresponding LE 8 bundle to a U(1) ⋉ LE bundle. Thus, this Z k charge seems to be a defect that is nontrivial only if we have more than one D8-brane domain wall present, suggesting an interpretation in terms of the nonabelian gauge theory living on D8-branes. Since the defect is of codimension 3, it also seems to be related to D6-branes. It turns out [23, 24] that there exists a supergravity solution of massive IIA called the massive D6-brane which has been interpreted as a D8-D6-NS5 intersection, with the NS5-brane stuck to the domain wall. However, it is not clear why these defects carry a discrete torsional charge from this perspective. Furthermore, the precise connection to D6-branes in massless IIA is still not obvious. While we will not be able to completely resolve this issue here, we will motivate an answer based on an interesting physical interpretation of the results of the previous paragraphs. It turns out that one can understand the behavior of NS5-branes and D6-branes in massive IIA via a kind of Stückelberg mechanism. In massive IIA, the gauge transformation of the NSNS B-field acts on the RR gauge potential C 1 as well,
In particular, this suggests that we can locally gauge away the C 1 field in massive IIA. The interpretation (see, for example, [23] ) for this is that the B-field actually becomes massive by eating C 1 . In other words, C 1 is a Stückelberg field, and its kinetic energy term becomes the mass term for B in unitary gauge. Under electric/magnetic duality, the dual RR C 7 field becomes massive by eating the dual NSNS B 6 field. Thus, we might expect that at g s = 0, regions of massive IIA repel magnetic B-fields, and, in particular, free magnetic monopoles such as NS5-branes would not be present. Furthermore, as the dual RR C 7 field is massive, one might expect that the vacuum of the theory has a condensate carrying its electric charge. In particular, this is the charge carried by a D6-brane, and if the condensate is a coherent state constructed out of quanta with charge k, we might expect that the D6-brane charge is only conserved modulo k. The work of [12] provides a nearly ideal example for testing the above interpretation. They consider Calabi-Yau compactifications of massive IIA down to four space-time dimensions. There, the axio-dilaton acquires a nonzero RR 1-form magnetic charge of precisely G 0 units. 16 Thus, if we are at g s = 0, leading the axio-dilaton field to condense, we see that this charge, which is precisely a D6-brane charge, is only conserved modulo G 0 . In fact, they show that near the conifold point, this behavior can be attributed to the condensation of D6-branes wrapped on the CY 3-fold. Note, however, that at precisely g s = 0, this interpretation fails, and D6-brane charge should be Z valued. We believe that this lends support to the notion that the LE k 8 quantization condition should be interpreted as an important ingredient in describing a kind of M-theoreric, finite g s dual to massive IIA.
Finally, we would like to make a more direct comparison between the loop group picture and K-theory on certain simple manifolds. Consider type IIA compactified to 6-dimensions on X = CP 1 × CP 1 (if we wish to, we can further compactify the remaining six dimensions on a six-manifold with positive scalar curvature, for example, a six-sphere). We will be interested in analyzing nontrivial G 2 and G 4 flux configurations on X corresponding to the K-theory classes of the the virtual bundles, x n = O(n, n) ⊖ O(n − 1, n − 1). As X and all its factors have trivial normal bundle and positive scalar curvature, the arguments of section 4 of [2] show that there is no nontrivial shift in the quantization conditions. Furthermore, as these virtual bundles have rank 0, if x and y are the generators of the cohomology of the two CP 1 fibers, we have,
(5.7)
As their Chern characters are clearly different, the classes x n are distinguishable and correspond to distinct allowed flux configurations on X. What is interesting in this example is that, as n varies, the K-theory classes have the same [G 2 ] while their values of [G 4 ] differ by integral multiples of [α∧G 2 ] for some closed α (here, α = G 2 ). In particular, their differences are trivial as elements of H 4 e (X) and lift to the same class a in M-theory. This is, then, a simple example in which the K-theory description of the quantization of fluxes seems to be at odds with that of M-theory even in the absence of torsion. Note, however, that while the topological data of the E 8 -bundle in M-theory is insensitive to the difference between these configurations, the same is not true for the CS terms in the M-theory action. Thus, this data is certainly detected by the η invariant of the E 8 -bundle. While we will not be able to resolve this puzzle, we can see two possible resolutions. As we saw in the previous example, it is possible that finite g s effects, perhaps non-perturbative instanton effects, may be responsible for a breakdown in the K-theory picture. However, the authors of [6] were able to escape this difficulty by considering their E 8 -bundles as pulled back from the ten dimensional base, giving a finer characterization. This suggests that there may be some equivariant information that could distinguish E 8 -bundles.
Let us end by briefly touching on the issue of twisted K-theory. We can combine the form fields present in supergravity with their Hodge duals to generate the self-dual form:
The Bianchi identities and the equations of motion imply that
If we define an operation on an arbitrary form, F , by [25] . This cohomology is tantalizingly similar, but in many ways opposite, to the generalized cohomology defined in the text.
It is believed that RR forms in IIA, rather than being elements in this cohomology, however, actually live in the twisted K-theory group K
0
[H] (X 10 ) [8] . There is a Chern character that maps this group to the twisted cohomology defined above.
If it turns out that LE 8 bundles fully capture the information of the 4-form in M-theory, we would have two alternate quantizations of the fields of type IIA supergravity. One might hope that this could shed some light on the calculations of [6] .
Acknowledgments
We are indebted to Dan Freed for his assistance throughout this paper. We would also like to thank David Ben-Zvi and Jacques Distler for useful conversations. UV would like to thank Allan Adams and Jarah Evslin for stimulating conversations, and Petr Hořava for suggesting this line of inquiry to us. This material is based upon work supported by the National Science Foundation under Grant No. PHY-0071512.
A. Some cohomology computations
A.1. BLE 8 First, we compute the cohomology of BLE 8 . We recall the exact sequence
where the last map is given by evaluation at the basepoint of S , 3) , Z) by θ, the only choice we have is whether or not d 4 θ = 0. As the Hurewicz isomorphism tells us that H 3 (BLE 8 , Z) = Z, we must kill θ, implying the existence of an element y such that d 4 θ = y. Thus, we can write down the E 2 (= E 3 = E 4 ) term as After we take the cohomology of d 4 to obtain E 5 , we see that the spectral sequence collapses, at least for the low dimensions that we care about. The only terms that survive are Z and x giving the rational cohomology of K(Z, 3). The zero row of (A.3) is the cohomology of BLE 8 yielding the result (4.4). In fact, one can see directly that BLE 8 is approximately K(Z, 3) × K(Z, 4) in low dimensions, but we will not do so here.
A.2. B LE 8
We now compute the cohomology of B LE 8 . We begin by recalling the diagram 4.1: where all products of x, y and z are zero. As above, the zero row gives the cohomology (4.5).
Note that the four form in BLE 8 is θx which pushes forward to x, the three form in B LE 8 . In order to prove the result about the four form, we proceed by examining the following fibration which follows from (4.2,A. The E 2 term in the associated spectral sequence is as follows:
As we know the total cohomology already from the previous section, we see that there are no nontrivial differentials. This implies that the four form in BLE 8 is pulled back from the four form in BE 8 by i. Any four form in Y can be represented by a map to BE 8 . The commutativity of (A.4) implies that this four form can be thought of as pulled back from BLE 8 . Now, we assume, as above, that the four form in BLE 8 is also pulled back from B LE 8 . By commutativity, we could then pull it back to Y through X, giving the same form as when pulled back from BE 8 . Now, let Y ∼ = S 3 × S 1 and X ∼ = S 3 . There exists a nontrivial four form on Y which clearly cannot be pulled back from X. Thus, we have a contradiction, so the four form on BLE 8 is not pulled back from B LE 8 . In low dimensions, the homotopy sequence of the fibration gives the following set of homotopy groups for LE In fact [19] , for k = 1, the group is simply connected, and for higher k, p = k. The higher extensions are all Z k quotients of the level one extension. Finally, it follows from the rational Hurewicz isomorphism that H 4 (B LE 
B. The chain homotopy
In this appendix, we will show that the equations (3.2) and (3.7) induce an isomorphism between H * e (X) ∼ = H * (Y ). First, we examine the following diagram: where j(α) = (−1) α (ρ * (A∧α), ρ * (α)) and j −1 (β, γ) = ρ * (β) − A∧ρ * (γ), essentially the maps (3.2) and (3.7). In (−1) α , α is just the degree of the form α and the multiplication is distributive across the direct sum. It is easy to verify that j and j −1 are chain maps. As always, we choose a specific representative of the Euler class, e, and a connection, A, that satisfy the relations (3.6).
Next, we must show that the induced maps on cohomology are actually isomorphisms. First, we show that j • j −1 is the identity on the level of forms: where dy i and dz i are bases of forms of the appropriate degree on the base pulled back by the fiber projection. The sums over i are understood. Then, we have:
We can also write A in local coordinates as:
This follows because the connection is invariant with respect to the U(1) action on the fiber implying that there cannot be any θ dependence in the coefficient of dθ or in the basic form ρ * (ψ). Furthermore the normalization condition in (3.6) forces the coefficient of dθ to be 1/2π. We also note that (B.3) is invariant under additions to A of the form ρ * (ψ) so we can neglect that term. Finally, (B.3) is linear on α and vanishes for α = ρ * (β). We can put all this together to obtain:
Again, from the linearity of (B.3), we can deal with the terms in (B.4) separately. Let us define an operator, K, as follows:
Heref i is the function defined such that: 
(B.11)
where we have used the fact that the tilde operation commutes with differentiating on variables that are not θ and the following:
∂ ∂θ
This shows that K is a homotopy operator, and therefore j and j −1 do induce isomorphisms in cohomology.
